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Exact N-soliton solution of the modified nonlinear Schrodinger equation
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By use of Hirota’s direct method, exact N-soliton solutions have been obtained for the modified non-

linear Schrédinger equation.

PACS number(s): 42.81.Dp, 42.65.—k, 42.50.Rh, 52.35.Sb

I. INTRODUCTION

The modulated Alfvén wave propagating along a mag-
netic field in cold plasmas is described by the modified
nonlinear Schrédinger (MNLS) equation [1]
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where a, B, y are real parameters, B is inverse propor- fHz, 0= ;0 lexp 2 Pl ikt + 4_2 Hi®i
tional to the wavelength. For the long wavelength, Eq. r=5 (i';’j) PmN
(1) reduces to the derivative nonlinear Schrodinger
(DNLS) equation [2]. In addition, the femtosecond- " 2N 4
optical-pulse propagation in a monomodal optical fiber, ,§1 Kimi | @)
where the characteristic length of the envelope is the '
same order as the wavelength of the carrier wave, is de- (z.)= S 2m n N
scribed by Eq. (1) [3]. For a shorter wavelength or a glz,1)= go 1exp 12 P, ViV .=§+1"i‘7’i
longer characteristic length, Eq. (1) reduces to the non- v G <]j) '
linear Schrodinger (NLS) equation [4]. The MNLS equa-
tion has been solved by the method of meromorphic ma- + w s)
trix of transformation [5,6]. However, it is a long and lz’l Yili | >
tedious process. Hirota’s direct method [7-11], by which
most of the exact explicit soliton solutions of the non- « o w N
linear partial differential equation had been given, seems g'(z,1)= véo lexp 12’ P ViVt El Vi
to be unsuitable. ’ G ! )
The purpose of the present paper is to derive an exact
explicit N-soliton solution by use of Hirota’s direct + w 6
method. _21";'771- ’ ()
i=
II. EXACT N-SOLITON SOLUTIONS where
. . . 0 a2 (B+iyQ,)
Exact N-soliton solutions of Eq. (1) can be expressed in  1,=K;z+Q;t+7n;, K; =z?Q,~, @;=In———
the form a (7
(2.1) g(z, ) f(z,t)]* ( Mirn=n Qiin=0f, @i n=9]
z,t =0 "> lJ "y 7d s 2)
7 [f(z,0)]? for i=1,2,...,N,
where where * implies a complex conjugate, and
J
—2In(Q;+Q;) fori=1,2,...,N and j=N+1,N+2,...,2N, (8)

Qi H= 21n(Q,-—Qj) for i=1,2,...,N and j=1,2,.

..,N

ori=N+1,N+2,...,2N and j=N+1,N+2,...,2N,  (9)

where Q; =7, —iw; and 10 are complex parameters of the ith soliton, 3 .=o,1 indicates the summation over all possible

combinations of u;=0,1, u,=0,1, ...

» Moy =0,1, under the condition I’ u,=3N 1, y, 31— and 3., indi-

cate the summations over all possible combinations of v;=0,1, v,=0,1,..., v,5=0,1 under the conditions
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Svi=1+3~ v yand 1+3M v, =3~ v, , v, respectively, and 33V, ;) indicates the summation over all possi-

ble pairs taken from 2N elements with the specified condition i <j, as indicated. We assume all Q; are different from

each other.
As an example, we write forms of f and g for N =2
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Substituting Eq. (2) into Eq. (1), we can obtain
iDz+%D,2 (gf)=0, (12)
gf iDﬁ%D? ’ +aD,(gf)D, }(f*f)_agf*th(ff)+[(B+i3yD, Ngf)+iygfD,1g*g)=0, (13)
where
R - I I A - N T -
D (s/) [az az’ [at at' 8(z,2)f(z',1 )lat Z'=z,t'=t * (14)

It is evident that g(z,t), defined by Egs. (2)-(9), is a solution of Eq. (1) provided that f and g satisfy Egs. (12) and
(13).

Substituting the expressions for f and g into Eqgs. (12) and (13), we have
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In Eq. (15) the coefficient of the factor
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where €, 4iion(V,1t) implies that the summations over v
and p should be performed under the following condi-
tions:

vi+u;,=1 fori=12,...,L

ori—N=12,...,L",
vi=p;=1 fori=L+1,L+2,...,L+M
ori—N=L'+1,L'+2,...,L'"+M’",

ZQ('V

i=1

vitpp;)+ 2 (Ui@; Ve n@ian) | »
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Under the above conditions, we find that the condi-
tions of v and p in Eq. (15),

N N N N
> 4= 3 Miyy and 2 Vvi=l+ 3 vien,
i=1 i=1 i=1 i=1

are compatible and mutually convertible from one to the
other if, and only if

L+2M=1+L"+2M" .

v,=p;=0fori=L+M+1,L+M+2,...,N .
Let o,=v;,—pu; for i=1,2,...,2N under the same
ori—N=L"+M'+1,L'+M'+2,...,N . conditions. We have
J
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——=—@; +const (independent of o) . (19)
i=N+1 2
The condition of u in Eq. (17),
N N
2= 3 iy
i=1 i=1
is convertéd to
L N+L’
So,— 3 o,=1. (20)
i=1 i=N+1
Hence, we have
D, =constXD,(0,,Q,,... Q0 Q8- Qyarr)
=const X 2 h(Ql’ﬂ2""’QL)QN+1"'"QN-FL')b(Ql’QZ?'"’QL’QN+I""’QN+L') , (21)

o==1

where
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L N+L’ a L N+L' 2
h(Q,Qy .., 0,0y, Oy )=i |3+ 3 K,-a,--i-? >+ 3 Q0 , (22)
i=1 i=N+1 i=1 i=N+1
L [prive, (1—0,)/2
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where 3 ,-,, implies the summation over all possible combinations of o;=*1l,0,=%1,...,0.,08415--->
0 n+r-==*1 under the condition Eq. (20) and []{%(;. ;- indicates the product of all possible combinations of pairs
chosen from L elements with the specified condition j > i.

Similar procedures give, for the coefficient of the factor
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i=1 i=N+1 i=1  i=N+1
and
b (Q2,Qy,...,Q.,Qy 115+, Qx4p)
L B+l7/9, (Si—0i+8;—a’;)/2
_iI;II a
N+L' —iyQ, (8;+a;+8;+0})/2
x I B—iy
i=N+1 a
(L) (N+L") L N+L' - 8i8j+aiaj+8;8}+a;a}
X 11 (Q;,—Q;) 11 (Qi—ﬂj)n 11 (Qi+ﬂj) > (27)
ij ij i=1j=N+1

(j>i=1) (j>i=N+1)



3058

with
8;=wv;+u;, 8 =u;+tu’, 8'=vi+v/,
0=V~ Oi=pi TR, 0, =ViTv]
under the following conditions:

8;+8;=1 and §;+6;'=1
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where ¥, 3., and 3~ imply the summation over all
possible combinations of o;, o}, and o}'=(0,%1) for
i=1,2,...,L,N+1,...,N+L' under the condition
Sto0,=1+3N o, 21-10222?’:1\{‘;10; and
St o/=—24+3NH, 07. Thus f and g are solutions
of Egs. (12) and (13) provided that the following identities
hold:

fori=1,2,...,1 [ —N=1,2,...,1] . A~
ort port ! D, Q.o QL QN gy e Qi) =0
8,+8;=2 and §;+8;=2
for i=1,+1,1,+2,...,1,+1, for odd n=L+L’' (28)
or i—N=Il{+111+2,...,17+15,
and
8;,+8=3 and §;,+8;=3
for i=Il,+1,+1,1,+1,+2,...,L Dy(Q,9,, ..., 0, Q541+, Q=0
ori—N=Il1+15+1,11+15+2,...,L", for even n=L+L'. (29)
5,=8,=58'=2 for i=L~+1,L+2,...,L+M
] ) , , We shall prove the identities by mathematical induc-
ori—=N=L'+1,L'+2,...,L'+M’,  tion. The identities D, =0 and D, =0 are easily verified
PRy . for n =1 and 2, respectively. Now, assume that the iden-
;=8,=8/=0 for i=L+M+1,L+M+2,...,N , p y.
8;=8;=5;'=0 for i tities hold for n =L +L'—2. From Egs. (21) and (24), we
ori—N=L'+M'+1,L'+M'+2,...,N, can obtain [10]
J
, (L) N+L' N+L'
Dy(Qs .., QL Q4. Quy)=CEPET2 T (@,—Q)% [T (9 9)2[1 I ©+9)72, G0
i,j ij i=3 j=N+1
(j>i=3) (j>i=N+1)
52(03""’QL’0N+1"’"QN+L')
o h L N+ N+L' L N+L _2 L+, L .
=CI* 211 II (@—9 II I ©-921 II @+Q) IT Im «—-q)
i=3 j(>i)=4 i=N+1 j(>))=N+2 i=3 j=N+1 i=l+1 j(>i)=1+2
N+ +1 N+L' L+l N+
| II -9 II II @+9)*
i=N+I{+1 j(>i)=N+1{+2 i=l+1 j=N+1
(L) N+L' . L N+L' e
X II (Q,—Q;)° I Q,—9,)° II I @©+9) 31
ij ij i=1+1,+1 j=N+1
(>i=l+1,+1) (j>i=N+I{+15+1)
e B , ALY N+L' ~2
D(Q, Q.. ., Q0 Qi1 s Qyyp)=CF I @92 JI (-9 [1 II ©@+9)72, 32
ij ij i=1 j=N+1
(j>i=1) (j>i=N+1)
and
D,(0,Q, ..., 0, Q01 Qyir)
L N+ N Lo NtL
=C;"M I I (-9 I I1 I I (@ +Q)
i=1 j(>i)=2 i=N+1 j(>i)=N+2 i=1j=N+1
L+ L N+ +1 N+L’ L+l Nyp
x II KO NA | | I1 Q-0 IT I @+e)~*
i=lL+1 j(>i)=1+2 i:N+1’l+1 j(>i):N+1’1+2 i=l+1 j=N+1
(L) (N+L") L N+L'
x II (9,-9)° IT Q,—9,)° I I «©+o)°°, (33)
Lj ij i=1+l,+1 j=N+1

J>i=lL+hL+1 J>i=N+I{+15+1
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and C¥ %L and C4 1L can be expressed as
) L N+L' L N+L' 2
Ci™=|3Z+ 3 |au+ ||+ 3 |6
i=1 =N+l =1 i+N+1
(34)
and

, L N+L'
C%+L =12t X |4
i=1 i=N+1
L N+L 2
T2t 2 b/Q; (35)
i=1 i+N+1
because  ;=Q;=0 for Q;7Q; chosen from
Qi’Qz’ e ’QL7QN+1’ e ’QN+L”Cf+L and C%-FL be-

come C{+L'72=0 and C{*L""2=0. Thus D, and D,
must be zero for n =L + L', and the identities have been
proved.
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